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Abstract—Quantum computing has been attracting increasing
attention in recent years because of the rapid advancements that
have been made in quantum algorithms and quantum system
design. Quantum algorithms are implemented with the help
of quantum circuits. These circuits are inherently reversible in
nature and often contain a sizeable Boolean part that needs to be
synthesized. The logic design of such quantum circuits constitutes
a non-trivial task and, hence, have heavily been investigated
by researchers in the recent past. This paper provides a brief
overview of these research. We review the major steps to be
conducted in the logic design of quantum circuits and provide a
sketch for each single step. These descriptions are enriched with
discussions as well as references to the respective related work.

I. INTRODUCTION

Exploiting quantum mechanical phenomena for compu-
tational purposes established the field of quantum computa-
tion [1] which received significant attention in the recent past.
In a quantum circuit, in contrast to conventional bits, qubits
are used as storage, which do not only allow to represent
the (Boolean) basis states 0 and 1, but also superpositions
of both. By this, qubits can represent multiple states at the
same time which enables massive parallelism. Additionally
exploiting further quantum mechanical phenomena such as
phase shifts or entanglement enables asymptotical speed-ups
for many relevant problems (e.g. database search [2] or integer
factorization [3], [4]), offers new methods for secure commu-
nication (e.g. quantum key distribution), and has several other
appealing applications [1].

These promises also lead to new challenges for computer-
aided design. While first netlists of the respective quantum
circuits have been developed by hand, the design of more
complex quantum functionality will require automatic methods
particularly for synthesis. Here, the fact that quantum circuits
are inherently reversible in nature and often contain a sizeable
Boolean part can be exploited. Therefore, how to design an
efficient quantum circuit for a respectively desired Boolean
functionality emerged as a major research area.

This paper provides an overview on the resulting ap-
proaches for the logic design of quantum circuits. To this end,
we first review the basics on reversible as well as quantum
circuits and summarize the main steps to be conducted in
Section II and Section III, respectively. After a brief review

on reversible circuits synthesis in Section IV, we provide a
more detailed sketch of the respective steps, namely (1) the
mapping of the reversible circuit to a quantum circuit (Sec-
tion V), (2) the consideration of nearest neighbor constraints
(Section VI), as well as (3) the test of the resulting circuit
(Section VII). Note that, due to the focus on the pure logic
design, other important issues such as fault tolerance or error
correcting [5], [6], [7] are not covered in this overview. At
the end of this paper, some final conclusions are provided in
Section VIII.

II. BACKGROUND

This section briefly reviews the basics on reversible as well
as quantum circuits which are used in order to realize quantum
functionality.

A. Reversible Circuits

Reversible circuits are digital circuits with the same number
of input signals and output signals. Furthermore, reversible
circuits realize bijections, i.e. each input assignment maps to a
unique output assignment. Accordingly, computations can not
only be performed from the inputs to the outputs but also in
the other direction.

Reversible circuits are composed as cascades of reversible
gates. The Toffoli gate [8] is widely used in the literature and
also considered in this paper.

Definition 1. Given a set of variables or signals
X = {x1, . . . , xn}, a Toffoli gate T (C, t) is a tuple of
a possibly empty set C ⊂ X of control lines and a single
target line t ∈ X \ C. The Toffoli gate inverts the value on
the target line if all values on the control lines are set to 1 or
if C = ∅. All remaining values are passed through unaltered.

Example 1. Fig. 1a shows a Toffoli gate drawn in standard
notation, i.e. control lines are denoted by while the target line
is denoted by . A circuit composed of several Toffoli gates
is depicted in Fig. 1b. This circuit maps e.g. the input 101 to
the output 010 and vice versa.
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Fig. 1. Toffoli gate and Toffoli circuit

B. Quantum Circuits

Quantum computation [1] is a promising application of
reversible logic. The corresponding quantum circuits are very
similar to reversible circuits but work on quantum bits (qubits)
instead of bits. In contrast to Boolean logic, qubits do not only
allow to represent the conventional Boolean states 0 and 1,
but also the superposition of them. More precisely, a qubit is
a linear combination of the conventional Boolean states in the
two dimensional complex Hilbert space. The two orthonormal
quantum states |0〉 = [

1
0

]
and |1〉 = [

0
1

]
are used to represent

the Boolean values 0 and 1. Thus, any state of a qubit may
be written as |ϕ〉 = α|0〉+ β|1〉, where α and β are complex
numbers such that |α|2+ |β|2 = 1. All quantum bits reside on
the Bloch sphere, a unit 2-sphere.

Each operation on these qubits can be defined by a unitary
matrix [1] which is represented by means of quantum gates. In
the design of quantum circuits, often the following definition of
quantum gates (forming the so-called NCV library) is applied1:

Definition 2. A quantum gate q(C, t) over the inputs
X = {x1, . . . , xn} consists of a single target line t ∈ X and,
in some cases, of a single control line c ∈ X with t �= c. That
is, C is either empty or equals {c}. When further assuming
that the inputs to the circuit as well as the inputs to the control
lines of the gates are restricted to the conventional Boolean
values 0 and 12, the following four gates define the commonly
used quantum gate library.

• NOT gate: The qubit on the target line t is inverted.

• Controlled NOT gate (CNOT): The target qubit t is
inverted if the control qubit c is 1.

• Controlled V gate: The V -operation is performed on
the target qubit t if the control qubit c is 1. The V -
operation is also known as the square root of NOT,
since two consecutive V -operations are equivalent to
an inversion.

• Controlled V † gate: The V † gate performs the inverse
operation of the V gate, i.e. V † = V −1.

Due to the assumption for the circuit inputs and control lines,
the set of possible values {|0〉, |1〉, |v0〉, |v1〉} is closed under
the above mentioned operations. That is, we are dealing with
a 4-valued logic, where |v0〉 = 1+i

2

[
1
−i

]
and |v1〉 = 1+i

2

[−i
1

]
.

Example 2. Fig. 2 shows a quantum circuit composed of
several of the gates introduced above realizing a reversible

1Later in Section V-C, also references to other gate libraries are provided.
2This restriction is common when considering the design of Boolean

components of quantum circuits as motivated in Section I.

|1〉 |1〉
|0〉 |1〉
|1〉 |1〉

|1〉
|0〉
|1〉

|1〉
|1〉
|1〉

|1〉
|1〉
|v0〉

|1〉
|0〉
|v0〉

|1〉
|0〉
|1〉V V † V

Fig. 2. Quantum circuit

function. Control lines are again denoted by while target
lines are either denoted by in case of NOT and CNOT or
by V and V † in case of V gates and V † gates, respectively.
This circuit maps e.g. the input 101 to the output 111 and vice
versa, whereby the intermediate value |v0〉 occurs.

All elementary gates are assumed to have unit cost [9].

III. LOGIC DESIGN FOR QUANTUM CIRCUITS

Since the design of quantum circuits is a rather complex
task, many (automatic) methods employ a synthesis flow that
does not directly realize the given quantum functionality, but
follow a multi-step approach. For this purpose, two main
characteristics are exploited, namely

• many important quantum algorithms, like Grover’s
database search algorithm [2] and Shor’s factoriza-
tion algorithm [3], contain a considerable reversible
(Boolean) component that needs to be synthesized, and

• all quantum operations are inherently reversible.

Consequently, the Boolean components of the quantum algo-
rithms are first realized as a reversible circuit, rather than a
quantum circuit. This significantly reduces synthesis complex-
ity. Besides that, a huge variety of synthesis approaches for
reversible circuits is already available (briefly summarized in
Section IV).

Once a reversible circuit realizing the desired functionality
is available, it is mapped to a functionally equivalent quantum
circuit. To this end, the following steps are usually conducted:

1) Mapping Reversible Circuit to Quantum Circuit
Each reversible gate is mapped to an functional equiv-
alent cascade of quantum gates. To this end, various
mapping methods and subsequent optimizations can
be applied which e.g. depend on the respectively
desired quantum gate library. Section V provides an
overview of this step.

2) Consideration of Physical Constraints
The resulting quantum gates may not satisfy dedi-
cated physical constraints – so-called Nearest Neigh-
bor Constraints represent one prominent example.
Hence, dedicated procedures have to be undertaken
to satisfy such constraints. Section VI provides an
overview of this step.

3) Testing of Quantum Circuits
The logical behavior of the reversible circuits can
be tested with efficient test-set generation. To that
end, researchers established fault models for quan-
tum circuits and proposed various testing techniques.
Section VII provides an overview of this step.

A brief overview of this is presented in the following.



IV. SYNTHESIS OF REVERSIBLE CIRCUITS

Although not the focus of this paper, we briefly review the
synthesis of reversible circuits which provide the basis for all
following steps. A key differentiator between conventional and
reversible logic synthesis methods arise due to the restriction of
fanout in reversible circuits. Increasing fanout leads to more
ancilla lines and often prevents the application in quantum
computation (due to the no-cloning theorem [1]), which is
costly to implement in quantum technologies. To that end,
different synthesis methods were adopted, which can broadly
be classified in terms of the chosen Boolean function repre-
sentation (more detailed overviews are provided in [10], [11]).

• Early logic synthesis methods were based on truth
tables [12], [13], which guaranteed ancilla-free re-
versible logic synthesis. These were further optimized
to include diverse gate libraries [14].

• Afterwards, more elaborated heuristics have been pro-
posed which also rely on truth-table like function
descriptions but employ more advanced heuristics
such as ant colony optimization [15], simmulated
anneling [16], group theory based techniques [17],
or output permutation [18]. However, these methods
mainly suffer from their poor scalability.

• Exclusive Sum-of-Products (ESOPs) allow for a more
compact representation of a Boolean function. Hence,
ESOP formulations have been used to synthesize
ancilla-free [19] or bounded-ancilla [20] circuits for
larger functions.

• Due to the inherent scalability of decision diagrams,
also multiple methods based on variants of decision
diagrams were developed to address the scalability
problem [21], [22], [23]. The default, node-wise map-
ping of a decision diagram on to reversible circuits
results in high ancilla, which were addressed by an
alternative mapping that utilizes reversible functions
descriptions such as QMDDs [24] or so called char-
acteristic function to achieve ancilla-free reversible
circuit [25].

A set of other function representations such as Quantum
Multiple-valued Decision Diagram (QMDD) [26] or Rotation-
based Decision Diagrams (RbDD) [27] have been explored,
too. Furthermore, note that most of these methods additionally
rely on an embedding step to be conducted prior to synthesis
(see e.g. [28]). This usually also motivates a trade-off between
ancilla and gate count/quantum costs (see e.g. [29]). Finally,
it is also important to note that, the above variants propose
heuristic methods due to the complexity of reversible logic
synthesis [30]. Multiple exact synthesis methods have been
proposed, too [31], [32], which, however have limited capacity
to scale. A recent proposition of hybrid synthesis flow showed
that scalability can be achieved by following conventional logic
synthesis flows, whereas ancilla can be restricted by building
internal data-structures with a functional view [33].
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(b) For the reversible circuit shown in Fig. 1b

Fig. 3. Mapping reversible circuits to quantum circuits

V. MAPPING REVERSIBLE CIRCUITS

TO QUANTUM CIRCUITS

As motivated in Section III, an established synthesis ap-
proach is to first realize the desired (Boolean) functionality
as a reversible circuit and, afterwards, map it to an equivalent
quantum circuit. To this end, the first set of approaches consid-
ered the realization of quantum circuits based on the NCV gate
library as reviewed in Section II. However, beyond that, also
further – more application-specific – libraries emerged in the
recent past. This motivated the development of further mapping
schemes for these new libraries. This section reviews the main
idea of the mapping scheme for this library and exemplarily
illustrates its optimization potential. Afterwards, we provide a
brief overview on the further libraries and their mappings.

A. NCV Library

The main idea of mapping reversible circuits to quantum
circuits can be found in the seminal work by Barenco et al. [9]
which is illustrated by the following example.

Example 3. Consider a Toffoli gate with two control lines
as shown in Fig. 1a. A functionally equivalent realization in
terms of quantum gates is depicted in Fig. 3a. This cascade
can be applied to fully map the reversible circuit shown in
Fig. 1b into an equivalent quantum circuit. For this purpose,
all corresponding Toffoli gates are respectively substituted with
a corresponding quantum gate cascade. The 1st, 3rd, 4th, and
5th gate remain unchanged as they already represent quantum
gates. The resulting fully equivalent quantum circuit is shown
in Fig. 3b.

Similar mappings exist for Toffoli gates with more than two
control lines. But with increasing number of control lines, the
resulting quantum circuits become more expensive, i.e. require
more quantum gates. Furthermore, also the number of the
ancillary lines, i.e. the number of circuit lines which neither are
a control line nor a target line, affect the size of the resulting
quantum circuit. Details on that are described in e.g. [9], [34],
[35] – the resulting costs are frequently applied as a cost metric
in order to evaluate reversible circuits.

While the basic idea of the mapping scheme illustrated
above is almost identical in all corresponding quantum circuit
synthesis methods, several adjustments and alternatives have
been proposed in the recent past which e.g. optimize the ap-
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Fig. 4. Improved mapping of Toffoli gate with multiple targets

proach or address further gate libraries. The remainder of this
section reviews some representatives of these developments.

B. Possible Optimization: Exploiting Multiple-Target Lines

Mapping reversible circuits to quantum circuits has mainly
been considered in a local manner, i.e. single Toffoli gates only
have been mapped to corresponding quantum gate cascades as
illustrated by Example 3. In contrast, considering more than
one Toffoli gate allows for significant reductions. This has been
investigated e.g. in [36] where mappings of pairs of Toffoli
gates have been proposed. Besides that, it has been observed
in [37] that synthesis methods for reversible circuits often lead
to cascades of Toffoli gates which differ only in the position
of their respective target lines, but have an equal set of control
lines. This motivated the definition and exploitation of Toffoli
gates with multiple target lines.

Definition 3. A Toffoli gate with multiple target lines T (C, T )
over the inputs X = {x1, . . . , xn} consists of a (possibly
empty) set of control lines C ⊂ X and a non-empty set of
target lines T ⊆ X \ C. The Toffoli gate inverts the value on
all target lines if all values on the control lines are set to 1 or
if C = ∅. All remaining values are passed through unaltered.

Toffoli gates with multiple target lines enable an easier
and more efficient mapping to quantum gate cascades. More
precisely, a Toffoli gate with multiple target lines T (C, T )
and T = {t1, t2, . . . , tk} can be mapped to a quantum gate
cascade as follows:

1) Consider a Toffoli gate T (C, t) with a single target
line t ∈ T .

2) Map T (C, t) to a functionally equivalent quantum
gate cascade using any of the existing methods in-
troduced in the past.

3) For each remaining target line t′ ∈ T \ {t}, add a
Toffoli gate T ({t}, t′) before and after the quantum
gate cascade generated in Step 2.

Example 4. Consider the Toffoli gate with multiple target
lines as shown in Fig. 4a. Applying the proposed scheme,
a functionally equivalent quantum gate cascade as shown in
Fig. 4b results.

Using this improved mapping, the size of the resulting
quantum gate cascades can further be reduced to 3 + 2|T |
for a Toffoli gate with two control lines and |T | target lines
– compared to the standard mapping scheme a substantial

improvement particularly for gates with a large number of
control lines.

C. Consideration of Further Gate Libraries

The NCV gate library as reviewed in Def. 2 was, for a long
time, the state-of-the-art gate model which has been assumed
in logic design of quantum circuits (motivated by the original
work from [9] and respective follow-ups such as [34], [35]).
However, in the recent past and motivated by new physical
accomplishments as well as theoretical discussions, further
gates libraries received attention. Accordingly, also dedicated
mapping schemes have been considered. This includes, but is
not limited to, the following gate libraries.

The Clifford+T gate library, which is composed of gates
for the so-called Clifford group operation together with so-
called T and T † gates (see e.g. [38] for details). The motivation
for this gate library is the increasing need to consider fault
tolerance in quantum circuits for what Clifford+T gates have
been found particularly suited for. From a design perspective,
a major objective is to reduce the number of T /T † gates since
their fault tolerant implementations lead to costs which are by
a factor of 100 greater than for the other gates. Accordingly
adjusted mappings and dedicated circuit constructions have
been discussed e.g. in [38], [39], [40], [41].

Gate libraries based on Physical Machine Descriptions
(PMDs, [42]), which have been motivated by a broad survey of
quantum systems conducted in the ARDA quantum computing
roadmap [43]. Here, different technologies (namely Quantum
Dots (QD), Superconducting Qubits (SC), Ion Traps (IT), and
many more) have been considered resulting in PMDs which
are different in terms of the supported (primitive) operations
and, hence, in terms of the supported gates. Consequently,
mapping schemes for the resulting gate libraries have also
been considered. An overview and comparison has recently
been conducted e.g. in [44].

The NCV-|v1〉 library [45], [46], in which qudits instead
of qubits are assumed, i.e. a basic building block which does
not rely on a two level quantum system but a (multiple-
valued) d-level quantum system is assumed. This allows for
gates whose control lines may be sensitive to non-Boolean
values (while e.g. the NCV gates considered above always
require Boolean control lines). This in turn enables to realize
smaller mappings for Toffoli gates and an easier satisfaction of
certain physical constraints (as discussed in [46]). While this
is interesting from a design perspective, physical realizations
and concepts on how to realize this library still is subject to
future work.

VI. CONSIDERATION OF

NEAREST NEIGHBOR CONSTRAINTS

In the recent years, research has led to several physical real-
izations for quantum computers [47] which uncovered serious
intrinsic limitations [48], e.g. with respect to the interaction
distance, decoherence times, or scaling. Consequently, further
constraints have been introduced, which needs to be considered
during quantum circuit synthesis. One of the most common
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Fig. 5. Establishing nearest neighbor compliance

ones is the so called linear nearest neighbor constraint. This
limits the interaction distance between gate qubits and applies
a constraint so that computations are only performed between
adjacent, i.e. nearest neighbor, qubits [49].

Usually, synthesis of quantum circuits as reviewed above
often does not consider nearest neighbor constraints. Ac-
cordingly, researchers started considering synthesis of nearest
neighbor compliant quantum circuits. Complementary direc-
tions are thereby investigated.

One direction addressed nearest neighbor constraints di-
rectly during synthesis. One of the approaches presented
in [50] provides an example of this design paradigm. Here,
an exact synthesis method is proposed which directly realizes
a nearest neighbor compliant quantum circuit with minimal
quantum cost. Although not very scalable, this approach can
be used to generate macros (i.e. minimal sub-circuits) which,
in turn, allow for improvements when mapping a reversible
circuit onto a quantum circuit. Another approach that embeds
the nearest neighbor constraint within a heuristic reversible
logic synthesis technique is presented recently in [51]. Efficient
nearest neighbor-compliant quantum realization of prominent
quantum circuits are proposed in [52].

Another direction employs a post-synthesis process: If a
given circuit does not satisfy the nearest neighbor constraints,
additional SWAP gates are added.

Definition 4. A SWAP gate is a quantum gate S(qi, qj) includ-
ing two signal xi, xj and maps (x0, . . . , xi, xj , . . . , xn−1) to
(x0, . . . , xj , xi, . . . , xn−1). That is, a SWAP gate realizes the
exchange of two quantum values (in figures drawn using two
connected × symbols).

These SWAP gates allow for making all control lines and
target lines adjacent and, by this, help to satisfy the nearest
neighbor constraint. More precisely, a cascade of adjacent
SWAP gates can be inserted in front of each gate g with non-
adjacent circuit lines in order to shift the control line of g
towards the target line, or vice versa, until they are adjacent.
The following example illustrates the idea.

Example 5. Consider the circuit depicted in Fig. 5a. As can
be seen, gates g1, g4, and g5 are non-adjacent. Thus, in order
to make this circuit nearest neighbor compliant, SWAP gates
in front and after all these gates are inserted as shown in
Fig. 5b.

While such a naive approach is able to transform any given
circuit into a nearest neighbor compliant version in linear
time, the insertion of SWAP gates obviously increases the
quantum cost of the resulting circuit. In fact, for each non-
adjacent gate 2 · (|t − c| − 1) SWAP gates are additionally

inserted to the circuit, where t and c denote the position
of the target and control line, respectively. Moreover, the
fashion in which SWAP gates are inserted has a significant
effect: Reordering the circuit lines or considering SWAP gate
insertion not only locally for each single gate but for the whole
cascade may reduce the costs significantly. As an example, the
nearest neighbor compliant circuit from Fig. 5b can actually be
reduced to the circuit shown in Fig. 5c – reducing the number
of SWAP gates from 8 to 1.

Motivated by this, researchers started to intensely inves-
tigate how to reduce the number of SWAP gate insertions in
order to make a given quantum circuit nearest neighbor compli-
ant. Approaches addressing this design problem have recently
be presented e.g. in [53], [54], [55], [56]. Besides that, recent
work focuses on employing this restriction to 2D quantum
circuits [57], [58]. Finally, this physical constraints can also
specifically be considered to a given quantum technology, such
as the one outlined in [59].

VII. TESTING OF QUANTUM CIRCUITS

The fragility of quantum states naturally requires high error
resilience, achieved by error correcting codes, such as the ones
proposed in [5], [6], [7]. The efficiency of practical realizability
of such error correction codes also lead to heightened activity
in experimental studies, characterization of the cost model
for the gate libraries and novel physical constraints. In this
part of the paper, however, we restrict ourselves to the logical
correctness of the reversible circuit. This task is fundamentally
different from conventional digital circuit testing [60], partly
due to the fault models that arise from the implementation
aspects of quantum circuits.

A. Fault Models

In [61], different fault models for a reversible circuit are
proposed. These include, for example, single/multiple missing
gate fault, single/multiple missing control fault and repeated
gate fault. Such fault models were derived from the imple-
mentation principles of quantum circuits using trapped ion
technology [1]. It was shown in [61] that testing for certain
classes of fault models is sufficient to detect faults in other
classes. Further, automatic test pattern generation for reversible
circuits based on these faults are proposed [61], [62]. Bounds
for the test set size for certain classes of faults are provided
in [63].

B. Approaches for Test Pattern Generation

Beyond the standard test-set generation approach proposed
in [63], [61], [62], the diagnosis of faults is studied in [64].
It is observed that by inserting certain additional logic to



the original reversible circuit, the test effort can be reduced
and also the fault diagnosis can be improved. Efforts in that
direction is made by the online testing approach outlined
in [65]. Quantum circuits are probabilistic in nature, where the
outcome is accompanied with a probability distribution. There-
fore, testing of such circuits under this stochastic behavior
essentially means, testing that the observed non-deterministic
behavior is within acceptable limit. This is emphasized in the
binary tomographic testing proposed in [66].

VIII. CONCLUSIONS AND FUTURE WORK

Quantum circuits are inherently reversible. Because of that,
mapping a reversible circuit realizing the desired functionality
into an equivalent quantum circuit received significant inter-
est. In this overview paper, we reviewed the main idea and
motivation behind this concept and discussed state-of-the-art
research.

Moving forward, the following research goals are envi-
sioned, specifically in the context of automated quantum circuit
implementation.

• The varied efforts towards developing a complete
framework starting from a quantum algorithm towards
a physically mapped circuit representations need to
come together. Early efforts towards an integrated
logic synthesis flow has been undertaken in [67]
(mainly for the reversible logic part). More specific
flows towards the most promising quantum technolo-
gies are considered in [68], [59]. It is likely that
such flows will generate more close interactions be-
tween the researchers working on quantum algorithms,
logic synthesis, verification, and experimental quan-
tum technologies. One immediate goal in this line
of research is to adopt a well-defined cost model for
the underlying gate libraries. Further, similar to con-
ventional logic synthesis, representation formalisms
between different abstraction levels need to be estab-
lished.

• Programming languages for Quantum computers differ
significantly from the traditional software program-
ming languages [69]. To provide seamless implemen-
tation flow for Quantum circuits, such programming
languages need to be integrated to the synthesis flows
outlined in this paper.
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